We use phase space methods to investigate closed, flat, and open FriedmannRobertson-Walker cosmologies with a scalar potential given by the sum of two exponential terms. The form of the potential is motivated by the dimensional reduction of M-theory with non-trivial four-form flux on a maximally symmetric internal space. To describe the asymptotic features of run-away solutions we introduce the concept of a 'quasi fixed point.' We give the complete classification of solutions according to their late-time behavior (accelerating, decelerating, crunch) and the number of periods of accelerated expansion.
Introduction
The two most intriguing (and supposedly related) recent results in observational cosmology tell that the universe is currently undergoing an accelerated expansion while the main contribution to its energy density comes from dark energy [1, 2, 3] . As the origin of the dark energy remains elusive from the point of view of standard cosmology and particle physics [4] , a number of possible explanations have been put forth, ranging from postulating the existence of a non-zero cosmological constant or a scalar field with a suitable potential (a form of quintessence [5] ) to modifications of general relativity.
Many of these ad-hoc models are in agreement with the observational data, therefore it is interesting to investigate those which can be derived from a fundamental, unifying theory of all interactions, a good candidate for such being string/M-theory.
One particular and relatively simple approach in this direction, which has received considerable attention over the last year, is string or M-theory compactified on a time-dependent maximally symmetric internal manifold [6] , optionally adding the flux of a covariantly constant four-form field strength [7, 8, 9, 10] . Given a non-flat geometry of the internal space, the resulting four-dimensional low energy effective action involves a scalar field (stemming from the dynamical volume of the internal space) governed by a potential with one exponential term. Switching on flux adds another exponential term.
This setup quite generically leads to a transient period of accelerated cosmological expansion inducing a modest increase of the scale factor. In refs. [11, 12] it was pointed out that for certain values of parameters also eternally accelerating expansion is possible, albeit the acceleration tends to zero at late times. In refs. [13, 14, 15, 16] these features were qualitatively inferred by relying on an earlier work due to Halliwell [17] based on phase space methods.
Halliwell's original phase space analysis considered a scalar field with a single exponential potential in a homogeneous and isotropic universe. Subsequently it was extended to include barotropic matter [18] and multiple scalar fields [19, 20, 21, 22] , and generalized for anisotropic universes [23] . The phase space analysis of cosmologies arising from toroidal compactifications of string and M-theory with a four-form flux (inducing a single exponential potential) was carried out in refs. [24, 25] . Potentials given by the sum of two exponential terms have been used to model quintessence in refs. [26, 27, 28] .
The aim of the current paper is to systematically analyze the dynamics of the double exponential case using phase space methods. Even though our main interest is in potentials arising from string or M-theory compactifications, we have not limited our study to these cases and effectively cover all possible positive ratios of the coefficients in the exponentials.
Phase space methods are particularly useful when the equations of motion are hard to solve analytically. 1 Computing numerical solutions with random initial conditions is not a satisfying alternative as this may not reveal all the interesting properties. To capture the features of solutions where the scalar field runs away to infinity we introduce the concept of a 'quasi fixed point': a fixed point of the reduced dynamical system which describes the asymptotic limit of run-away solutions. In this manner we gain results analogous to the single exponential case, as expected [13] , since in the asymptotic regime one of the exponential terms dominates over the other. New features occur in the regime where both exponential terms are important. These include an unstable de Sitter fixed point which, however, cannot be obtained from maximally symmetric compactifications. Combining the information from the fixed point analysis and numerical solutions, we are able to give the complete classification of solutions according to their late-time behavior. In particular we discover a new class of M-theory cosmologies with two accelerating phases, one transient and another eternal.
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The paper is organized as follows. In section 2 we begin by considering a higher-dimensional gravitational action with a flux term and dimensionally reduce it on a maximally symmetric internal space which can be either hyperbolic, toroidal, or spherical. We use the Friedmann-Robertson-Walker (FRW) ansatz with a non-trivial lapse function to obtain the equations of 1 The general analytic solution of flat FRW universe and a scalar field with a single exponential potential was recently found in ref. [29] , while for certain values of parameters general analytic solutions are also known when barotropic matter is added [30, 31, 32] . 2 When this manuscript was in preparation, ref. [33] appeared, mentioning a possibility for two periods of acceleration in this setup, but without giving specifics.
motion which we write in the form of a dynamical system. This helps us to map out the structure of the phase space (regions corresponding to acceleration or deceleration and to open, flat, or closed universes) and to obtain detailed information about the various fixed points. With these analytic results at hand, we discuss the phase portraits in section 3. There we also give a classification of all possible solutions, according to their late-time behavior (accelerating, decelerating, singular) and their number of phases of accelerated expansion. In section 4 we consider solutions at the fixed points and investigate their physical properties, e.g., the total energy density and the state equation parameter. We also observe that in all cases the internal space undergoes decelerated expansion. Finally in section 5 we conclude with some remarks on the viability of this setup in the light of cosmological observations and give a brief outlook on string theory cosmology.
Analysis of the Equations of Motion
In this section we first review the derivation of the four-dimensional effective action obtained from the dimensional reduction of (d + m)-dimensional gravity coupled to m-form flux on an m-dimensional maximally symmetric internal manifold (see for example [13] ). Taking the d-dimensional space-time to be four-dimensional FRW we rewrite the resulting equations of motion as a dynamical system and analyze the properties of the corresponding phase space analytically.
The higher-dimensional input
Our starting point is a gravitational theory in (d + m) dimensions coupled to an antisymmetric m-form field strength,
This type of ansatz also includes M-and type II string theory with the dilaton consistently set to zero. We take the flux F m to be proportional to the volume form of the internal space,
In the case of M-theory and d = 4, F m is a seven-form, which is dual to the four-form field strength which usually appears in the action. Notice, since this seven-form carries indices taking values in the internal space only, its
Chern-Simons term vanishes, so that there is no obstruction dualizing to a four-form.
We then make the following ansatz for the dimensional reduction to d dimensions:
Hereg µν denotes the d-dimensional space-time metric (with coordinates x), andĝ mn is the metric on the internal space (with coordinates y) which takes the formĝ
Here e 2β(x) corresponds to a warp-factor of the internal space andω mn is the normalized metric on the maximally symmetric internal space satisfyinĝ
The type of internal space indicated by k 1 can be spherical (k 1 = +1), toroidal
, where the latter has been made compact by dividing out a suitable discrete isometry.
Upon dimensional reduction to d = 4 and by performing a conformal rescaling of the space-time metricg µν → g µν , one obtains the Einstein frame effective action
with the scalar potential
φ .
Here we have set the gravitational couplings to unity, κ 
and
respectively.
By dimensional reduction we can obtain 1 ≤ c ≤ √ 3 only, where the case c = √ 3 corresponds to compactification on S 1 . Nevertheless we will analyze the full interval 0 < c < ∞ for two reasons, first for the sake of completeness and second because other types of compactifications might lead to c-values
Four-dimensional FRW cosmology
Let us now consider FRW space-times with a non-trivial lapse function,
Here dΩ 2 denotes the line element of the two-sphere and k = −1, 0, 1 corre-
sponds to an open, flat, or closed universe, respectively. Using this ansatz we obtain Friedmann's equation,
as well as the dynamical equations,
where the dot denotes a derivative with respect to the time variable t. The cosmological time τ is related to t via dτ = N(t)dt.
In order to study these equations as a dynamical system we proceed as follows. First we use Friedmann's equation to eliminate the term containing α(t) from the dynamical equations. Then we specify the lapse function N(t):
For finite values of φ(t) these lapse functions are positive definite, implying this is an admissible choice. As long as no approximations are made different lapse functions lead to different parametrizations of the same physics. The choice (14) is motivated by the regime φ → ∞, where one of the exponentials appearing in the potential (7) becomes unimportant and may be truncated.
In this approximation the effect of the leading exponential term is encoded in the definition of our time variable. As explained below eq. (40) 3φ . Therefore this case can be treated analogously to the single exponential case, k 1 = 0, and will not be considered explicitly.
Finally we introduce the variables
in order to rewrite the dynamical equations (12), (13) as a set of autonomous first order differential equations. In the single exponential case (k 1 = 0) we obtain the two-dimensional dynamical system D ′ (y, z):
Note that we do not take the trivial equationẋ = y to be part of the dynamical system. This is possible because the equations for y and z do not depend on x, as a result of the choice of the lapse function (14) . Therefore we have an autonomous system which only involves y and z. This system has been studied in refs. [17, 15, 16] .
In the double exponential case (k 1 = ±1) we obtain the three-dimensional dynamical system D(x, y, z):
In this case we cannot drop the equationẋ = y, because the equations for y and z depend on x. The x-dependent terms correspond to the subleading exponential term, while the leading one, which dominates for large φ, was absorbed by the choice (14) of the lapse function.
The structure of the phase space
After defining the variables parametrizing the phase spaces of our systems,
we will now discuss their structure. As the dimension of the phase space for k 1 = 0 and k 1 = ±1 is different, we treat them separately in the following.
We start by investigating which points in phase space are associated with curvature singularities. To this end we compute the Ricci-scalar of the metric (10),
Substituting in Friedmann's equation, the specific choice of the lapse function (14) , and the dynamical equation (12) this expression takes the following form:
These equations indicate that for both k 1 = 0 and k 1 = ±1 the boundaries of the phase space x = −∞ and y = ±∞ correspond to curvature singularities, while at the surfaces z = ±∞ as well as x = +∞ the curvature scalar remains finite. This result also holds for other curvature invariants as R µν R µν and
Next we determine the phase space regions, where the solutions undergo acceleration in the scale factor a(τ ) = e α(t(τ )) . These are characterized by the inequality
Substituting in the lapse functions (14) together with the dynamical equation (12) , this implies that acceleration occurs for
Likewise the regions of expansion are given by (14) we obtain the k = 0 hypersurfaces:
For the left hand side being smaller (bigger) then zero, we are in the k = −1 (k = +1) region, respectively.
Fixed points
Let us now determine the fixed points (critical points, equilibrium points)
of the dynamical systems D ′ (y, z) (16) and D(x, y, z) (17) . Recall that for a single exponential potential (k 1 = 0) it is possible to eliminate both α (using Friedmann's equation) and x = φ (using the lapse function (14)), so that the dynamical system is two-dimensional. The fixed points (FPs) are given bẏ
At a FP the scalar field φ(t) and the scale factor α(t) therefore have the following form:
Note that φ does not go to a constant at the 
For of the double exponential potential it is not possible to eliminate x = φ from the equations for y and z and we have to deal with the threedimensional dynamical system D(x, y, z) (17) . The FPs of this system satisfy the equationsẏ
and solutions for φ(t) and α(t) at the FP take the form
A double exponential can in principle have an extremum at a finite value of φ, and we will see later that for a certain range of parameters the corresponding FP indeed exists.
We also expect that solutions with the run-away behavior (24) At such QFPs, the time-dependence of φ(t) and α(t) is the same as the one found for k 1 = 0, (24) . For terminological convenience we will also refer to the FPs of the reduced system D ′ (y, z) as QFPs.
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We remark that the above definition of a QFP is tied to a particular, physically motivated approximation, namely dropping the sub-leading exponential. The effect of the leading exponential is captured by the lapse function, which therefore acquires a physical meaning. Comparing to numerical solutions of the full equations of motion in the next section, we establish that the picture outlined above is indeed correct and that the concept of QFPs is useful for describing the dynamics of D(x, y, z). Also note that the behavior of φ(t) and α(t) at a QFP of D(x, y, z) involves a distinguished time coordinate. In contrast to a true FP in phase space, (24) is not reparametrization invariant. Of course, reparametrization invariance as such is not an issue, since we use a specific (class of) parametrization(s), (10), anyway. However, the time variable t does not have a direct physical interpretation. Therefore we will investigate the analytical properties of (Q)FP solutions with respect to the cosmological time τ in section 4.
Whether a FP or QFP is an attractor, in the sense that there is a class of solutions which asymptotically evolve with the same valuesφ * ,α * (and φ * ), can be deduced form the eigenvalues of the stability matrix
Here β i is short for the right hand sides of eqs. (16) and (17) and i ∈ {y, z},
T , depending on whether we evaluate the condition (23) or (25) . Denoting the eigenvectors and eigenvalues of this matrix as v α and θ α , respectively, we can write down the linearized solution of the full system in the vicinity of a (hyperbolic) FP, are repelled and cannot reach it. For z < 0 the opposite situation occurs.
The case k 1 = 0
We start by analyzing the QFPs of eq. (16) . Explicitly evaluating the QFP condition (23) yields that the system has two pairs of QFPs:
, exists for 0 < c < ∞ ,
Substituting the QFP coordinates into the equations for the acceleration region (21) and the k = 0 surface (22) yields that QFP 1 is located in the k = −1 and k = +1 region for 0 < c < 3 and 3 < c, respectively. Further it is always situated at the boundary between the acceleration and deceleration region. The QFP 2 always resides on the k = 0 surface, being in the deceleration region for √ 3 < c < 3 and in the acceleration region for 3 < c. The case c = 3 is special. Here the two QFPs merge into a single non-hyperbolic
To determine the properties of the phase space trajectories close to the QFPs, we calculate the eigenvectors and eigenvalues of the stability matrix (27) : In the regime √ 3 < c < 3 the QFP 2 is a saddle point on the k = 0 surface. By comparing the eigendirections of the QFP with the normal of the surface we find that the attractive eigendirection is tangent to the k = 0 surface, while the repulsive eigendirection has a non-trivial component along the normal. This indicates that the QFP 2 acts as an attractor for solutions on the k = 0 surface while trajectories starting in the k = ±1 regions are repelled and cannot approach it asymptotically. These features are also illustrated in the second diagram of figure 1.
Let us now consider the case k 1 = ±1. We start by analyzing the condition for 'true' FPs. Imposing the conditions (25), the only non-trivial solution requires k 1 = +1 and is given by
It is located on the k = 0 surface and inside the acceleration region. In fact, it will turn out in section 4 that this FP gives rise to an exponentially growing scale factor in cosmological time and therefore is a true de Sitter FP.
Taking i ∈ {x, y, z} and calculating the eigenvalues of the stability matrix (27) for this FP yields
Hence it is a saddle point having two late-time attractive and one late-time repulsive eigendirection. Comparing its eigenvectors to the normal of the k = 0 surface yields that one attractive and the repulsive eigendirection are gives the number of the (quasi) fixed point as it appears in the text, while 'k 1 ' and 'c' are the parameters of the potential (7). The columns 'type', 'k' and 'acceleration' specify the properties of the (Q)FP for the corresponding values of the parameters. At the values of c not covered in this table we encounter non-hyperbolic FPs.
tangent to the surface while the second attractive eigenvector has a nonzero component along the normal. This implies that the FP 3 is a saddle point on the k = 0 surface, i.e., flat cosmological solutions need to be finetuned in order to approach it asymptotically. Additionally, we can also finetune solutions starting in the k = ±1 region such that they asymptotically approach this FP. The latter properties are reflected in table 5, while the results on the position of the FP are compiled in table 1.
Notice that the FP 3 is located at the (positive) maximum of the potential (7) with k 1 = +1. This explains why it is unstable (saddle) and corresponds to an expanding de Sitter universe. For c < √ 3 the potential has a (negative)
minimum, but there is no related FP, since this situation corresponds to an anti-de Sitter universe which contracts to a crunch represented by the boundary of the phase space. For k 1 = −1 the potential has no extrema and we do not obtain any FPs in this case.
Having found the true FP of the system (17) we now relax the FP condition and look for QFPs satisfying (23) . As previously observed, the QFPs are always located at the x = ∞ boundary, but fix the valuesφ * ,α * along which the boundary is approached.
In the case c < √ 3, where the k 1 term is dominant, substituting the ansatz (24) into (17) and dropping the subdominant exponential term only gives rise to QFPs for k 1 = −1:
The corresponding eigenvalues of the stability matrix are given by
The properties of these QFPs with respect to acceleration and the k = 0 surface are, again, obtained by comparing the position of the QFP relative to the surfaces (21) and (22), see table 1.
In the case c > √ 3 the flux-term gives the dominant contribution to the potential and substituting x = ∞ into (17) is equivalent to setting k 1 = 0. As a consequence, we obtain the QFPs (29) together with the properties (30).
For completeness these QFPs are labeled QFP 6 and QFP 7 , respectively, and their properties are also included in table 1.
The Phase Portraits
The greatest advantage of the phase space method is that one can plot phase portraits, which makes the classification of solutions easy and intuitive. Here 
Toroidal internal space with flux
The properties of the two-dimensional phase spaces arising in models with . Figure 1 shows a representative phase portrait for each of the four cases.
Here the horizontal and vertical axis correspond to y =φ and z =α, respec- Similar results can be read off for the other ranges of c displayed in figure   1 . The main addition is that we do also encounter examples of special, nongeneric solutions. First, there are fine-tuned solutions which run into or start from a saddle point and are thus future or past infinite, respectively. Second, there are so-called cross-over solutions which run from one fixed point into another and thus have both infinite past and infinite future.
to α → −∞, i.e., a big crunch.
The classification of all possible solutions is given in table 3, which is organized as follows. The first and second column give the values of c and k.
The following columns characterize the late-time behavior: singular, meaning that the solution runs to the boundary of the phase space, and accelerated Finally 'C' stands for a solution which "crosses over" from one fixed point to another.
Curved internal space with flux
We now turn to the three-dimensional phase spaces of models with k 1 = ±1, which include, for suitable values of c, flux compactifications on curved internal spaces. Although the method remains the same, one faces new practical challenges here. Three-dimensional phase spaces are harder to visualize, especially in printed media which only allow static two-dimensional projections.
Therefore we have only included one "three-dimensional" plot, figure 2, for illustrational purposes, and summarize our results in tables 4 and 5.
For the classification of the trajectories according to their accelerational Table 5 : Classification of possible cosmological solutions for k 1 = +1 according to their late-time behavior and their number of periods of accelerated expansion. The subscript ' dS ' indicates the existence of true de Sitter solutions if we fine-tune our initial conditions to be at the FP 3 . In addition there are also fine-tuned and cross-over solutions which approach this fixed point at late times.
is needed mainly to determine how many periods of accelerated expansion can occur. Consistency checks 9 indicate that the numerical results are trustworthy if we evolve trajectories with initial conditions in the z > 0 region forward in time. However, when following trajectories back in time we find indications that the numerics becomes untrustworthy below a certain critical time t c where the numerical value of t c depends on the initial conditions chosen. Due to this fact it is hard to make definite statements about the early-time behavior of our trajectories.
Physics at the Fixed Points
In this section we use the information about the (Q)FPs obtained in section 2.4 to investigate the properties of solutions asymptotically approaching these points.
Fixed point solutions in cosmological time
In order to find the physical interpretation of our solutions we need to go back from the time coordinate t, which was introduced to simplify the analysis of the equations of motion, to the cosmological time τ . Our starting point is eq.
(28). At a (Q)FP, this equation is easily integrated and yields the following solutions parametrized by the lapse function time t:
9 One example of an internal consistency check is to compute k as a function of the fields. Analytically we know that k takes the discrete values 0, 1, −1, and when plugging in numerical solutions deviations should be small. This is the most general solution of eq. (28) as in the first case the constant of integration appearing in the φ(t) equation can always be absorbed by a shift of the time variable t. In the case of FP 3 we have used this freedom to absorb the constant appearing in the α(t) equation, since φ * cannot be set to zero. Concerning the remaining constant of integration, ζ, we have to distinguish between the cases where the QFP is located on the k = 0 surface or in the k = ±1 region. In the former case ζ is indeed an undetermined constant, while in the latter case it is fixed by Friedmann's equation:
Switching to the cosmological time τ via dτ = N(t)dt with N(t) being the lapse function given in eq. (14), we can use the explicit expression for φ(t) at the (Q)FP to calculate the relation between the lapse function time t and the cosmological time τ :
Using these relations it is now straightforward to write down the cosmological solutions at the (Q)FPs parametrized in cosmological time. Going back to the scale factor a(τ ) = e α(t(τ )) we find
Note that the evolution of the metric and the scalar fields as functions of obtain at most ∆ = 1. This corresponds to a QFP on the boundary of the region of acceleration and deceleration. In the previous section we found that such a QFP can be approached from the acceleration region. In this case the acceleration is eternal but approaches zero so fast that one does not obtain a significant growth of the scale factor. This was also observed in [11, 12] .
Besides the QFPs we have also the de Sitter fixed point FP 3 , which does not exist for potentials with one exponential term. Here the scale factor grows exponentially, a ∼ exp τ , while the scalar field has a finite value φ * .
However, this FP does not exist for compactifications: φ * goes to zero for c → ∞ and moves off to infinity when approaching the maximal value for compactifications c = √ 3 from above. Moreover, it is a saddle point. Hence eternal expansion requires an infinite fine-tuning, which means to pick exact initial values. Generating any significant growth of the scale factor by passing near the saddle point still requires a drastic fine-tuning.
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We can also compute the density parameter Ω and the equation of state parameter w for the (Q)FP solutions. Recall the standard expressions for the density and pressure of a scalar field,
where the prime denotes the derivative with respect to cosmological time (11) can be written as
Here Ω = 1 is the critical density corresponding to a flat universe, while Ω > 1
and Ω < 1 correspond to a closed and open universe, respectively. Taking the k values for the (Q)FPs given in table 1 together with the solutions for a(τ ) obtained by evaluating the eqs. (38), (39) and (40) An Ω = 1 attractor sitting at the k = 0 surface requires w < − 
which shows that the radius of the internal manifold behaves as r int ∼ e β(t) .
Taking the definition of β(t) given in eq. (9) and substituting the solutions (38) and (39) we find a polynomial increase of r int ∼ τ q , where q < 1 for all cases. The explicit values of q are given in the column 'r int ' of table 6.
The result q < 1 implies that the expansion of the internal space always decelerates.
M-theory example
As an explicit example let us consider the hyperbolic flux compactification ≈ .77 and w = − 1 3
, respectively.
Discussion and Conclusions
In this paper we used phase space methods to investigate the properties of The main motivation of our investigation is to describe the current universe by interpreting the scalar field as a quintessence. As already noted by many authors before, this model has the necessary qualitative feature that it generically induces accelerated expansion. The acceleration can be transient, eternal or eternally cyclic switching between acceleration and deceleration.
Comparing the (quasi) fixed point solutions of our model with cosmological measurements, however, needs some caution. Since the accelerated expansion is a relatively recent phenomenon in the history of the universe, it is clear that we cannot be arbitrarily close to a (quasi) fixed point yet.
We expect that even in the case where our universe approaches such a point, the cosmological parameters computed in section 4 will receive corrections.
Therefore it is hard to draw conclusions by comparing these quantities with observable data, as the (quasi) fixed points might only rule the universe some time in the future.
A crucial ingredient missing in our setup is the component of (dark and ordinary) matter. Ref. [34, 35] list some options how this sector could be obtained from string theory, but it still remains a big challenge to derive the appropriate dark energy and matter from a fundamental theory simultaneously. The inclusion of matter probably also modifies some of the quantities calculated at the (quasi) fixed points, although the qualitative features should remain the same.
As investigated in ref. [34] , models coming from hyperbolic flux compactifications of M-theory with matter added by hand allow fine-tuned solutions, which are (marginally) compatible with cosmological data. Let us point out, that the double exponential potential derived from hyperbolic flux compactifications satisfies the tracker condition Γ = [36] . For the potential (7) with k 1 = −1, Γ > 1 is always satisfied. It deviates significantly from unity as long as both exponential terms are of comparable size and approaches Γ = 1 from above, once one of the exponential terms dominates.
This raises the hope that this model could give rise to a tracker behavior, which means that for a wide range of initial conditions the quintessence energy density approaches and follows the background (radiation or matter) density before overtaking it and inducing a period of accelerated expansion.
Another crucial point in the models with a higher-dimensional origin is the problem of a spontaneous decompactification of the extra dimensions.
For the M-theory example of section 4, taking the age of the universe to be approximately 1.5 × 10 10 years, and assuming that the solution describes the whole evolution except the big bang and primordial inflation, we find that the radius of the extra dimension should have increased by about a factor int for the masses of Kaluza-Klein states. In the case of a hyperbolic internal manifold this should be a safe assumption, as these masses seem to be much higher than suggested by this naive estimate [35] .
Our system also allows for an interpretation in terms of the very early universe.
11 In this case matter effects are usually neglected. To realize a power law inflation scenario and solve the horizon and flatness problems without fine-tuning, one needs an attractive (quasi) fixed point with ∆ > 1 on the k = 0 surface [17] . Comparing to table 6 we find that there are such points, viz. QFP 2 and QFP 7 for c > 3 and QFP 5 for 0 < c < 1.
Solutions attracted to them are driven to Ω = 1, even when k = ±1. The de
Sitter fixed point, FP 3 , allows exponential expansion, but it is a saddle point and therefore the solutions need a drastic fine-tuning to produce inflation.
Unfortunately none of those fixed points occur for scalar potentials obtainable from compactifications on maximally symmetric spaces with flux.
11 In fact, for the work of ref.
[17] which we generalize, this was the main motivation.
While ten-and eleven-dimensional supergravities satisfy the strong energy condition, ρ + 3p ≥ 0, which forbids cosmic acceleration, an action of the form (6) only needs to satisfy the null energy condition, ρ + p ≥ 0, which leaves some room for acceleration. However, if a theory is obtained by dimensional reduction of a theory obeying the strong energy condition, the lower-dimensional theory cannot have de Sitter vacua [37] . This could be misinterpreted as a no-go theorem for accelerated expansion, but, as pointed out in ref. [6] , acceleration is nevertheless possible, if the internal manifold is time-dependent. However, in all known cases the acceleration is either transient, or eternal but going to zero asymptotically. In our tables (for compactifications, 1 ≤ c ≤ √ 3) this is reflected by the values of w for (quasi) fixed point solutions, which always satisfy and often saturate the bound w ≥ − 1 3 set by the strong energy condition. This indicates how the strong energy condition satisfied by the higher-dimensional theory restricts the amount of acceleration obtainable in time-dependent compactifications, by requiring it to converge to zero for late times. Note that this fits nicely with the fact that the internal space always decompactifies in this limit. 12 Therefore it is natural that the asymptotic behavior can be understood in terms of the higher-dimensional theory.
Let us finally discuss the main approaches for avoiding the consequences of the strong energy condition valid in the higher-dimensional theory and for stabilizing moduli. Constructions involving non-perturbative effects of string/M-theory, like branes, orientifolds, and instantons can produce inflation and stabilize the moduli [39] , but seem to require a significant discrete fine tuning. Therefore it remains important to investigate various other directions. For example, the dimensional reduction on group manifolds also leads to multi exponential potentials allowing accelerating cosmologies [22] .
One promising strategy to avoid the strict limits on the amount of acceleration obtainable in compactifications is to consider generalized compactifications, where one twists the theory by a symmetry of the equations of motion which is not a symmetry of the action. This leads to lower-dimensional theories which do not have an action [40] . 13 It would be interesting to explore whether such constructions can lead to double exponential potentials with c being outside the range 1 ≤ c ≤ √ 3 valid for maximally symmetric spaces.
Another interesting direction was pointed out by the authors of refs. [42] , who argue that the 'central region' in the moduli space, which cannot be mapped to a perturbative regime by duality transformations, might give viable cosmologies without fine-tuning. One particular approach for exploring this region is the inclusion of states which become light at special points in the moduli space [43] . The effects of such extra states improve on the moduli problem, seem to be important for vacuum selection, and help to get cosmic acceleration [44, 45] .
